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ABSTRACT. The purpose of this paper is to prove the existence and uniqueness of a common 
fixed point for a pair of mappings satisfying generalized contraction under rational expres- 
sions having point-dependent control functions as coefficients in complex valued b-metric 
spaces. Our results generalize and extend the results of Azam et al., Dass et al., Dubey et 
al., Mukheimer, Nashine et al., Rao et al. and Sitthikul et al. 


1. Introduction and Preliminaries 


Complex valued metric spaces were introduced in 2011 by Azam et al. [1] and established 
the existence of fixed point theorems for maps satisfying the contraction condition involving 
rational expressions. Several fixed point results in such spaces were obtained, for example, 
in [2,8,9,11,12,13,14]. The concept of complex valued b-metric space as a generalization of 
complex valued metric space .|1| was initiated by Rao et al. [10]. Subsequently, many authors 
proved fixed and common fixed point results in complex valued b-metric spaces |4,5,6,7]. 


The aim of this paper is to give the development of fixed point theorems on complex valued 
b-metric space. We prove fixed and common fixed point results for generalized contraction 
involving rational expressions in complex valued b-metric space which generalize all the 
existing results. In particular, complex valued b-metric type version of very well known 
results of Nashine et al. [9], Sitthikul et al.[12] and others are obtained. 


Keywords: Common fixed point, Complex valued b-metric spaces, Complete complex valued b-metric 


spaces, Cauchy sequence, Fixed point. 
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2 FIXED POINT THEOREMS IN COMPLEX VALUED B-METRIC SPACES 


In what follows, we recall some notations and definitions due to Rao et al. [10], that will be 
needed in our subsequent discussion. 


Let C be the set of complex numbers and 21, z2 € C. Define a partial order < on C as follows: 
Z1 Հ 22 if and only if Re(z1) Հ Re(z3), Im(z41) € Im(z2). 
Consequently, one can infer that z1 X z2 if one of the following conditions is satisfied: 


(i) Re(z1) = Re(z3), Im(z1) Հ Tm(2a), 

(ii) Re(z) < Re(z2), Im(z1) = Im(z3), 

(ii) Re(z1) Հ Re(z3), Im(z1) Հ Im(za), 

(iv) Re(z,) Հ Re(za), Im(z1) Հ Im(zs). 

In particular, we write z; < 22 if z¡ # 22 and one of (i), (ii) and (iii) is satisfied, also we write 
zı < 22 if only (iii) is satisfied. Notice that 


(a) I£0 X z1 < 22 then |z1| Հ ||. 
(b) If z¡ Հ շշ and 2շ Հ z3 then z1 < za. 
(c) If a,b € Randa € b then az Հ bz for all z € C. 














The following definition is recently introduced by Rao et al. [10]. 


Definition 1.1[10] Let X be a nonempty set and let s > 1 be a given real number. A 
function d : X x X — C is called a complex valued b-metric on X if for all x,y,z € X the 
following conditions are satisfied: 


(i) 0 X d(z, y) and d(z, y) = 0 if and only if z = y; 
(ii) d(x, y) Հ d(y, x); 
(iii) d(x,y) Հ s[d(z, z) + d(z, y)]. 


The pair (X, d) is called a complex valued b-metric space. 


Example 1.2[10] Let X = [0,1]. Define the mapping d : X x X — C by d(z,y) = 
Ir — y? + ilz — ի, for all z, y € X. Then (X,d) is a complex valued b-metric space with 
S — 2. 
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Definition 1.3[10] Let (X,d) be a complex valued b-metric space. 


(i) A point x € X is called interior point of a set A C X whenever there exists 0 < r € C 
such that B(x,r) = (y € X :d(z,y) <r} CA. 


(ii) A point x € X is called a limit point of a set A whenever for every 0 < r € C, B(x,r) A 


(A — {x}) 7 9. 


(iii) A subset A C X is called open whenever each element of A is an interior point of a set 
A. 


(iv) A subset A C X is called closed whenever each element of A belongs to A. 


(v) A sub-basis for a Hausdorff topology 7 on X is a family F = (B(x,r) : x € X and0 Հ). 


Definition 1.4[10] Let (X,d) be a complex valued b-metric space, {#„} be a sequence in 
X and x € X. 


(i) If for every c € C, with 0 < r there is N € N such that for all n > N, d(zx,,x) Հ c, 
then {z„} is said to be convergent, {#„}converges to x and z is the limit point of {z„}. We 
denote this by limnsotn = x or {£n} > xasn օօ. 


(ii) If for every c € C, with 0 < r there is N € N such that for all n > N, d(£n, ուա) ՀՕ 
where m € N, then (x, ՈՏ said to be Cauchy sequence. 


(iii) If every Cauchy sequence in X is convergent, then (X, d) is said to be a complete complex 
valued b-metric space. 


Lemma 1.5[10] Let (X,d) be a complex valued b-metric space and let {£n ԵՇ a sequence 
in X. Then {z„}converges to x if and only if |đ(z„, x)| —> 0 as n > oo. 


Lemma 1.6[10]Let (X,d) be a complex valued b-metric space and let (x, be a sequence 
in X. Then {zn} is a Cauchy sequence if and only if |d(z,, x,,,,)| — 0 as n — oo, where 
m € ՒԼ 
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2. Main Result 


We start to this section with the following observation, that will be used in our subsequent 
result. 


Proposition 2.1. Let (X,d) be a complex valued b-metric space and Š,7': X — X. Let 
xo € X and defined the sequence {zn} by 


L2n+1 = S Lon 


#2n+2 = T 32541; for all n — 0, 1, 2, 2 (2.1) 


Assume that there exists a mapping o: X x X — [0,1) such that e (T Sz,y) €« (x,y) 
and œ (x, STy) €« (x,y) for all x,y € X. Then œ (£an, y) SX (ոց, y) and œ (T, Lan41) LX 
(x, xı) for all z, € X and n = 0,1,2,— — —. 


Proof. Let z, y € X and n = 0,1,2,— — —. Then we have 


X (Lon; y) =X (T£n-1, 9) =X (T S£n—2, y) 
Ke (#zn—a, Y) 


=X (T £on—3;, Y) =X (T Sosa) 
Soc (asas) eco ceto (ար) 
Similarly, we have 
X (£, Lon41) =X (T, SLon) =X (£, ST £on—1) 
So (T, Font) 
=X (£, SLon—2) =X (£, ST 39,4) 


<x (z, շո. 3) € — — —— &« (2,21). 
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Lemma 2.2[12] Let {z„} be a sequence in X and հ € [0, 1). If a, = |d(z„,„+¡)| satisfies 
An € ha, լ, for all n € N, then {zn} is a Cauchy sequence. 


Now, we are ready to prove the following fixed point theorems for generalized contractions. 


Theorem 2.3. Let (X,d) be a complete complex valued b-metric space with the coefficient 
s Հ land let S,T : X — X. If there exist mappings «x, 6,y,d : X x X — [0, 1) such that 
for all z, EX: 


(a) x 52,0) <x (x, y) and œ (x, STy) Հօ« (x, y), 
B(TSv, y) € B(v, y) and B(v, STy) € B(x, y), 
15,0) € y (x, y) and (v, STy) < 1(%, y), 
ó(TSz, y) € ð(, y) and ô(x, STy) € d(x, y); 

(b) x (x,y) + B(z, y) + 27(z, y) + 2sô(x, y) < 1; 


z,)[1+d(z,5z)|d(u.T' 
(c)d(Sz, Ty) Soe (2, y)d(e, y) + Pesos eatur) 





+3(%,)|d(, Sx) + d(y, Ty) +ô, y)|d(v, Ty) + 42:55. — (2.2) 
Then 5 and T' have a unique common fixed point. 
Proof. Let x,y € X, from (2.2) we have 


x,Sx)(1+d(x,Sa)|d(Sz,TSx 





+2(z, Sz)|d(, Sx) + d(S+,T Sz)] 





+6(x, Sz)|d(œ,TSz) + d(Sz, Sx) 
Xa (x, Sx)d(x, Sx) + B(x, Sz)d(Sz, T Sx) 


+(x, Sz)|d(œ, Sx) + d(Sz,TSx)| 
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+sô(x, Sx)|d(z, Sx) + d(Sz,TSzx)| 


which implies that 


|d(Sz,75z)| €« (x, Sx)|d(x, Sx)| + B(x, Sz)|d(Sz,7 Sz)| 


+(x, Sz)|d(œ, Sx) + d(Sz, T'Sx)| 





+sô(+, Sz)|d(œ, Sx) + d(S+, T'Sx)|. (2.3) 
Similary, from (2.2) we have, 


d(STy, Ty) Soc (Ty, y)d(Ty, y) + ever rra) 





(Ty, y)[d(Ty, STy) + d(y, Ty)] 





+6(Ty, y)|d(T y. Ty) + dy, STy)] 
which implies that 


|(STy, Ty)| <% (Ty, v)|d(T v, y)| + 8(Tu,w)|1 + dụ, STy) || ew | 
+7(Ty, )|d(Tụ, ST) + d(y, Ty)|+s0(Ty, y)|d(y, Ty) + d(Tụ, STy)| 
|d(ST, Ty)| << (Ly, y)|d(Ly, y)| + 8(Tụ.)|d(ST, Ty)| 


+7(Ty, y)|d(STy, Ty) + d(Ty, y)| 





+sð(Tụ, y)|d(STy,Ty) +d(Ty,y)|. (24) 


Let ro € X and the sequence {#„} be defined by (2.1). 


We show that (x,) is a Cauchy sequence. From Propostion 2.1 and inequalities (2.3), (2.4) 
and for all K -0,12----- , we obtain 


Id(xox-1, X2k)| = |d(STr2x-1,T22K-1)| 
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<x (T'zoga, zo) |d(T og, #sk—1)Ì 


| Bo i2 i) |l Է 4(7 
կ 


#2rc—151#arg—1)||đdŒŒ#ak—1›T#2k —1)| 





|I+đd(Ta—1,#a —1)Ì 


+Z(T*a—t, Xok—1) 





FÓ(T zog 3, #a—1) | 


Id(T'zog 1572թ 1) + d(zag 1122թ ւ)| 


d(Txok-i, T zog) + d(zog i, ST ak—1)| 


=X (tox, X2k—1)|d(xok, £2K—1)| 


B (xax ›;#ak—1)|1+d(#aks#a+1)||d(a—1›#2 )| 





[14 





+?(#2r; LoK-1) 


d(r2K ,t2K~—1)| 


|đ(#ax; #ax+1) + A(oK-1, £2x )| 


-+ỗ(#ak;ay—1)|d(#ay, Lox) + đ(#ak—1; 2K 41)| 


|d(#ax+1; Cax)| <x (#ak; #ak—1)|đ(#ak; LeK-1)| 


-+Ø(#a; #ak—1)|đ(#a+1; #ak)| 





<x (zo, #ay_1)|đ(#ak; x 


+2(#aw; Cox-1)|d(GoK41, Lox) + d(zxox, LoK-1)| 


T-só(zox, #ay—1)|đ(#ak+a› 22K) + d(zox, #ak—1) | 


2K-1)| 


+Ø8(o, L2K-1) |d(a.+, 2E ) | 





+2(#o; LoK-1) Id (zog. 





<x (Xo, #1)|đ(#2k; to k— 


-1, ToK) + dtg, #ag—1)| 


+sð(#o; Xok—1)|d(xok 1, Lax) + đ(ak; #a—1) | 


1)| + B(xo, #1)|đ(ak+1; #ak)| 
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+2(#o, #1)|đ(#a+1, Lox) + d(tox, L2K-1)| 
+86(%o,%1)|d(%oK41, z2x) + d(XoK, L2K-1)| 
which yeilds that 


œ(#o,#1)+(#o,#1)+sổ(o,#1) 
1—6(zo,#1)—+(#o;#1)—sô(#0,#1 





|đ(a.--1; #ax)| € «(աշ #2k~—1)Ì- 





Similarly, one can obtain 


oex(zo,21)--y(zo,21)4-s0(z0,21) 
T= 80oar)=+aa)—=sẽ(œaga) A2 ւ: rac). 





Id(zok42, #ax+1)| Հ 





ox (z0,21)4-y(z0,21)--só(zo,1) 1 


Let H= 1—(2z0,21)—^y(zo,z1)— só(xo,z1) 








Since « (zo, #1) + (œo, #1) + 2y(zo, #1) + 2sð(Zo, 21) Հ 1, thus we have 
ld(Œn+i.#n+2)| € uld(za zu) € — — — <u" |d(zo,zi). (25) 
Thus for any m > n,m,n ՇԻՆ 

ld(ø, Ֆու)| Հ $|d(@n, #a+1)| + $|d(@n41, mu) 


Հ s|d(#„, #n+1)| + 51 0( Թու #n+2)| Է 87|d(tn42, #m) | 


< s|d(£n, Pais) |b 52|đ(a+1, #na+2)| + S°|d(tn+42,2n43)| 





SS Ւ ՀԱՐԱ d eg: Cin) + s" Id(z,, 4, #m)|. 


By using (2.5), we get 
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ld(Œn, #m)| Հ su" |d(zo, x1)| + s?" |d(o, z1)] + s?" ^? |d(xo, Յ.)| 


Փ-Վ Փո" ա des | dst Ար T dag, #i)| 


“Ys i+n— !a( (zo, 21)]. 








Therefore, 
aan) |S ԺԱՐ tyr tas sy] 
=1 
m-—1 
= = X sld( (£o, 21)| Հ » (s)|d(œo, x)| 
t=n t=n 
=H" |d(xo, 21) 
and so, 
d(Ln,2m)| Հ €2^|d(zg, z,)| ^ 0 as m,n — oo. 
1—su 


This implies that (ոյ) is a Cauchy sequence in X. Since X is complete, there exists some 
u € X such that £n > u as n — oo. Let on contrary u Z Su, then there exists z € X such 
that 


|d(u, Su)| Հ |z| > 0. (2.6) 


So by using the triangular inequality and (2.2), we get 


z — d(u, Su) 


X sd(u, 12442) + sd(zon45, Su) 





= sd(u, 124423) + sd(T £on+1, Su) 








n sd(u, Նուշ) TSX (u, #2n+1)d(u, Dongs) 


լ $B(ueansi)[1+d(u,Su)|d(vanti,Trant1) 
I l+d(u,£2n+1) 
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+s y(u, #2n+1)|d(u, Su) + đ(%an+t, T'22541)] 





-Fsó(u, #an+1)|d(u, T2„+1) + d(Lonti, Su)| 


= sd(u, 15,42) + Տ X (U, Lon41)d(U, 19541) 


_ S8 z2n c1) [1-4 (u,Su)]d(zan 1,2242) 
r 1+d(u,#an+1) 








+sy(u, #am+1)|d(u, Su) + đ(%2m +1; #2m-2)] 





+sd(u, 22541) |d(u, 12542) + d(Zon1; Su) 


Հ sd(u, 12442) + s e (u, z1)đ(u, Lan41) 





s8(u,#1)[1+d(u,Su)]d(32n-+1,#2n-+2) 
1+d(u,@2n+41) 





+sy(u, #1)|d(u, Su) + đ(2n+1, t2542)] 





-Fsó(u, £1) [d(u, 125.12) + đ(#sn+1, 5u)]. 


This implies that 


|z| Հ |d(u, Su)| Հ s|đ(u, #a„+2)| + 5 ox (u, a1) [d(u, ոու) 


s8(u,1)|[L+d(u,Su)]|ld(#2n+-1:#2n+a2) 
|1+d(u,22n41)| 





+sy(u, £1)|z + đ(Z2n+1, Lon+2)| 





+sô(0, #1)|d{(u; #2„+a) + 2|. 


Letting n — oo, it follows that 
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|z| S ՑՈ (աու) + 6(u, x1)]]2| 
Հ slo (u, 21) + B(u, z1) + 2y(u, z1) + 20(u, #1)]|z| 
Հ ի 
a contradiction and so |z| = 0, that is u = Su. It follows similarly that u = Tu. 


We now show that S and T have unique common fixed point. For this, assume that u*in X 
is another common fixed point of S and T. Then 


d(u, u*) = d(Su, Tu*) 


* * աչն" d(u,Su)]d(u*,Tu* 
Soc (ս, u*)d(u, u*) + & dat. 





+y7(u, u*) [d(u, Su) ns d(u*, Tu*)| 





+6(u, u*)|d(u, Tu*) + d(u*, Su)] 


X [e (u,u*) + 26(u, u*)|d(u, u*). 


Therefore, we have 


|d(u, u*)| Հ [ox (u, u*) + 20(u, u*)]|d(u, u*)]. 


Since x (ս, ս") + 26(u,u*) Հ 1, we have |d(u,u*)| = 0. Thus ս Հ u*, which proves the 
uniqueness of common fixed point in X. This completes the proof of the Theorem. By 
putting S — T' in Theorem 2.3, we deduce the following corollary. 


Corollary 2.4. Let (X,d) be a complete complex valued b-metric space with the coefficient 
s > ] and let T : X — X. If there exist mappings c, 8, y, ô : X x X — |0, 1) such that for 
allz,yc€X: 


(a) oc (Tz, y) €« (z, y) and œ (œ, Tụ) <x (x,y), 
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B(I'v,y) Հ B(x, y) and B(x, Tụ) Հ B(z,y), 


VE pu) < y(x, y)andq(x, Ty) < pans 


ôT, y) < ó(z, y) and d(x, Tụ) < d(x, y); 


(b) x (x,y) + Bx, y) + 2y) + 2só(z,y) < 1; 





(c) d(Tx,Ty) S (x, y)d(z, y) + ELEH Tod To) 
ye, y)ld(x, Tx) + dy, Tu)] 
+ô(z,9)|d(z, Ty) + d(u,T+)|. ^ (2.7) 
Then T' has a unique fixed point. 


The following theorem is closely related to Corollary 2.4 with y = à = 0. 


Theorem 2.5. Let (X,d) be a complete complex valued b-metric space with the coefficient 
s > 1l and let T : X — X. If there exist mappings x, 8 : X x X — [0,1) such that for all 
A d eX 


(a) x (Tx, y) <x (x,y) and œ (zx, Tụ) Հօ. (x,y), 
B(Tv,y) Հ B(z,y) and B(z, Tụ) € B(x,y); 
(b) -sfoct(zu)- Dru) < 1; 


(c) d(Tx, Tụ) Sx (x, y)d(z, y) + p(z, y) ՐԻԱ Ց, (28) 





Then T' has a unique fixed point. 
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Proof. Let zy € X and the sequence {xn} be defined by %n41 = Tzn, where n = 
Cease . (2.9) 


We show that {z„} is a Cauchy sequence. From (2.8) we have 


d(z,41, 2542) = A(T En, Թու) 


SO (#ny#n+1)đŒfn; Զու) 





d(œn+1,Tzn+1)[1+d(#n,Tza )] 
+8(En, #n+1) 1+d(#n,#n+1) 





=X (#ny#n+1)đ(my 241) 


d(zn41;2n42) [lE d(zn;zn41)] 
+8(#a, £544) lxd(za,xa4di) 





=X (Cnn dl tnt) + Pasta) diss Sua). 





It follows from (a) that 


8#» Tn+2) <œ որն Zn+1)dl£n, Zn41) + 8(n, Ln 1)đ(%„ ՒԼ, Ÿn+ 2) 








SX (Xo, En41)d(En, En41) + P(Lo, Fn41)d(Ln41, 842) 
SX (Lo, #o)d(đn, #n+1) + B(xo, Lo)d(Tn41, 9242). 
Therefore 
|d(En+1, #n+2)| So (xo, Lo) |A(Xn, Fn41)| + B(xo; o)|d(@n41, 2) 
and hence 
ox (aro ro) 


(Cds is Ֆու) < T Ban ag) In; #n+1)|› for alln = 0, 1, 3; T ae 


Since s{c (xo, xo) + Ø(zo, #o)} Հ 1 and s > 1, we get x (xo, zo) + Ø(#o, xo) Հ 1. Therefore 
ex(zo,xo) 


cuu d e 1,we have 


with u = 


|d(an41, Ֆոււ2)| € pld(an,2n41)|, for all n = 0,1,2,— — ——. 
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By similar argument as Theorem 2.3, we have {z„} is a Cauchy sequence in (X,d). By the 
completeness of X, there exists some u € X such that £n — u as n — oo. Next, we show 
that ս is a fixed point of 7. Then 


d(u, Tu) Հ d(u, Tzn) + d(T rn, Tu) 
¬ dịu, cre x (Zn, u)d(Xn, u) 


d(u,Tu d(a2n,T En 





5 d(u, &n+1)+ x (Zo, u)d(Ln, U) 


d(u,Tu)[1+d(œn,#„ 
-- B (x, u) ( TET nl 





Letting n — oo, it follows that 


|d(u, Tu)| Հ 8a, u)|d(u, Tu)|, 


a contradiction and so |d(u, T'u)| = 0 that is u = Tu. 


Finally, we show the uniqueness. Suppose that there is u* € X such that u* = Tu*. Then 


d(u,u*) = d(Tu, Tu*) 





Հօ. (u, u*)d(u, Կ") + B(u, ս") Etau Tu) 


=x (u, u*)d(u, u*) 


and so d(u,u*) = 0, since œ (u,u*) < 1. This implies that ս" = u, completing the proof of 


the theorem. 
3. Deduced results 


We deduce the main result of [13] as follows. 
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Theorem 3.1. Let (X,d) be a complete complex valued b-metric space with the coefficient 
s > 1 and let S,T : X — X. If there exist mappings œx, : X — [0,1) such that for all 
SX em ux s 


(a) x (Sx) <x (x) and 8(Sz) Հ B(x), 
x (Tx) <x (x) and B(Tx) € B(x); 
(b) ste (z)-- B(z)} <1; 


(c) d(Sz, Ty) << (ամու) + EERE. (3.1) 





Then S and T have a unique common fixed point. 
Proof. Define À, u : X x X > [0,1) by 
A(z, y) =x (x) and p(z,y) = B(x), forallz,y€ X. (32) 
Then for all z,y € X, 
(a) A(T Sx, y) =x (TS) e (Sx) <x (x) = A(x, y) and 
A(x, ST'y) =x (x) = A(x, y), 
p(TS2,y) = B(TSz) € 0(55) < B(x) = u(x, y) and 
p(z, STy) = B(x) = w(x, y); 
(b) s(A(x, y) + ոց) = s‡< (x) + B(x) } < 1; 


(c) d(Sz, Ty) Soc (z)d(ø, y) + 22422200 





d(z,Sx)d(y,T 
= A(x, y)d(z, y) + (x, y) “SE nh) 
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Then by Corollary 2.6[12} (Complex valued b-metric space version), SandT have a unique 
common fixed point. 


The following Corollary is obtained from our Theorem 2.3. 


Corollary 3.2. Let (X,d) be a complete complex valued b-metric space with the coefficient 
s > land let S, T : X — X. If there exist mappings œx, 6, 7,6: X — [0, 1) such that for all 
%,C Ä: 


(a) x (Sax) €« (x), 8(T Sx) Հ (£), y(T Sx) Հ y(x) and 


ó(T Sz) Հ ô(x); 


(b) œ (x) + 8lx)+2y(x)+2sô(x) < 1; 





x d(z,Sz)|d(u.T' 
(c) d(Sz, Ty) Հօ. (x)d(x, y) + MEME Salty. Ty 


+2(#)|d(, Sx) + d(y, Ty)] 





+6(x)[d(a,Ty) + d(y,Sz)]. (3.3) 
Then Տ and T have a unique common fixed point. 
Proof. Define ox, 8, y,0 : X x X — [0,1) by 
e (x,y) =œ (x), B(x, y) Հ B(x), +(%, y) = y(x) and d(x, y) = ó(z),forallz,y € X. (34) 
Then for all z, y € X, 
(a) x (155, y) =x (Ի5») Հօ. (x) =x (ո, y) and œ (x, STy) =x (ո) =x (x,y), 
B(TSz,y) = B(TSz) € B(x) = B(z, y) and A(x, STy) = B(x) = B(z. 9), 


V(TSz,y) Հ Y(T Sz) € y(x) = y(z, y) andy(z, ST) = +(z) = ^1(#, y), 
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OT Sx, y) Soon) <6) =o and 002570} =0) = (x,y); 


(b) o (x,y) + B(x, y) + 2y(x, y) + 2sỗ(z,) =x (x) + B(x) + 2y(x) + 28d(x) < 1; 





x d(œ,Sz)|d(u,T 
(c) d(S2, Ty) Soc (x)d(s, y) + Edle Sed Ty) 


+7(x)[d(x, Sx) + d(y, Ty)| 





+ô(x)|d(x, Ty) + d(y, Sx)] 





ø,9)[1+d(z,Sz)|d(w,T' 
=x (x, y)d(a, y) 4 Bay) Rn (Ty) 





+7(x, y)|d(z, Sx) + d(y, Tụ)] +ð(z, )[d(+, Ty) + d(y, 9x)]. (3.5) 
By Theorem 2.3, S and T have a unique common fixed point. 


Letting œ (.) =x, 6(.) = 6,y(.) Հ + and 9(.) = ô in Corollary 3.2 gives the following result 
proved by Nashine and Fisher [9] (Complex valued b-metric space version). 


Corollary 3.3. If S and T are self-mappings defined on a complex valued b-metric space 
(X, d) with the coefficient s > 1 satisfying the condition 


1-4d(z,Sz)|d(y,T 
d(Sx,Ty) Zx d(z, y) 4 Bi nhưng y) 





ԴԱ, Sx) + dụ, Ty)| 
+ô|d(z, Ty) + d(y, $z)] (3.6) 


for all x,y € X, where x, Ø,+ and ծ are nonnegative reals with c +8 + 2y +286 Հ 1. Then 
SandT have a unique common fixed point. 
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